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Riemann identities on theta functions are derived using properties of eigenvectors
corresponding to the discrete Fourier transform Φ(2). In particular we get various fourth
order identities of classical Jacobi theta functions.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The discrete Fourier transform (DFT) is a well known computing tool for applications in engineering and physics. It
is also a source of interesting mathematical problems. The trace of the DFT matrix is the well known Gauss sum up to
normalization factor. This work is based on the Matveev [1] result that eigenfunctions of the DFT can be expressed as the
linear combinations of theta functions. This has been used [2] to derive the basic classical identities of Jacobi theta functions,
in particular extendedWatson addition formula,Watson addition formula in an elementarymanner. In this paper we derive
an extended version of the classical Riemann identity and show that Riemann identity is a particular case of extended
Riemann identity.
In Section 2 for the completion we state the basic notations and preliminary results that were given in [2].
In Section 3,we derive an extended fourth order Riemann identity for theta functions and show that the classical Riemann
identity follows from it.
2. Preliminary results
The matrixΦ(n) corresponding to the DFT of size n is given by
Φjk(n) = 1√nq
jk, j, k = 0, . . . , n− 1. q = e 2π in . (1)
Definition. For f = (f0, . . . , fn−1)t ∈ Cn we define the DFT f˜ ∈ Cn by f˜ = Φf = (f˜0, f˜1, . . . , ˜fn−1), where
f˜k = 1√n
n−1
j=0
fj e
2π ijk
n .
It is clear thatΦ4 = I .
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Let τ be a complex number with a positive imaginary part. The theta function θa,b(x, τ ) with characteristics (a, b) is
defined by (see [3]),
θa,b(x, τ ) =
m=∞
m=−∞
exp[π iτ(m+ a)2 + 2π i(m+ a)(x+ b)].
θa,b(x, τ ) is connected with θ0,0(x, τ ) = θ(x, τ ) by
θa,b(x, τ ) = θ(x+ aτ + b, τ ) exp[π ia2τ + 2π ia(x+ b)].
The four classical Jacobi theta functions may be represented as θ0,0(x, τ ), θ 1
2 ,0
(x, τ ), θ0, 12 (x, τ ), θ 12 , 12 (x, τ ) (see [4]). The
Jacobi theta functions which are related to eigenfunctions of the DFTΦ(n) are given by
θ j
n ,0
(x, τ ) =

m∈Z
exp[π iτ(m+ j/n)2 + 2π i(m+ j/n)x], for j = 0, 1, 2, . . . , n− 1. (2)
Matveev [1] has proved the following theorem which is used in the following sections.
Theorem 2.1 (Matveev). For any τ with positive imaginary part the vector v(x, τ , k) with components vj(x, τ , k), j = 0, 1,
2, . . . , n− 1 given by
vj(x, τ , k) = θ j
n ,0
(x, τ )+ (−1)kθ− jn ,0(x, τ )+
1√
n

(−i)kθ

j+ x
n
,
τ
n2

+ (−i)3kθ

x− j
n
,
τ
n2

, (3)
is an eigenvector of the DFT with an eigenvalue ik:
Φ(n)v(x, τ , k) = ikv(x, τ , k). 
The proof of the above theorem follows from the fact thatΦ4 = I . We use this formula for eigenvectors to explore for the
DFTΦ(2) in the following section to obtain extended Riemann theta function identities and various fourth order identities.
3. Riemann identity and the DFTΦ(2)
The Riemann identity is the well known fourth order identity of theta functions. The beautiful account of identities
derived from Riemann identity is given in [4]. We give extended version of this identity from multiplicities of eigenvalues
and of eigenvectors of the DFTΦ(2). We call it extended Riemann identity, the particular case of this is the classical Riemann
identity.
Theorem 3.1 (Extended Riemann Identity for Theta Functions).
4θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ 4θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ(u, τ )θ(v, τ )
+ 4θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )θ(x, τ )θ(y, τ )+ 4θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
= θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

θ
u
2
,
τ
4

θ
v
2
,
τ
4

+ θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

θ
u
2
,
τ
4

θ
v
2
,
τ
4

+ θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

θ

u+ 1
2
,
τ
4

θ

v + 1
2
,
τ
4

+θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

θ

u+ 1
2
,
τ
4

θ

v + 1
2
,
τ
4

.
Proof. We have
Φ(2) [v(x, τ , 0)+ v(x, τ , 2)] = v(x, τ , 0)− v(x, τ , 2).
This gives the following two identities
θ(x, τ )+ θ 1
2 ,0
(x, τ ) = θ
 x
2
,
τ
22

, (4)
θ(x, τ )− θ 1
2 ,0
(x, τ ) = θ

x+ 1
2
,
τ
22

. (5)
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Consider the eigenvector (3) at the arguments x+ τ2 and y+ 1, we have
v

x+ τ
2
, τ , 0

=
 2aθ 12 ,0(x, τ )+ a
√
2θ
 x
2
,
τ
4

2aθ(x, τ )− a√2θ

x+ 1
2
,
τ
4
 , (6)
where a = exp −π iτ4 − π ix.
v(y+ 1, τ , 0) =
2θ(y, τ )+
√
2θ

y+ 1
2
,
τ
4

−2θ 1
2 ,0
(y, τ )+√2θ
 y
2
,
τ
4

 . (7)
Since v(y + 1, τ , 0), v x+ τ2 , τ , 0 are eigenvectors corresponding to the same eigenvalue 1,which has multiplicity 1
(see [5]) we have
det

v

x+ τ
2
, τ , 0

, v(y+ 1, τ , 0)

= 0.
This gives
− 4θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )+ 2√2θ 1
2 ,0
(x, τ )θ
 y
2
,
τ
4

− 2√2θ 1
2 ,0
(y, τ )θ
 x
2
,
τ
4

+ 2θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

− 4θ(x, τ )θ(y, τ )− 2√2θ(x, τ )θ

y+ 1
2
,
τ
4

+ 2√2θ(y, τ )θ

x+ 1
2
,
τ
4

+ 2θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

= 0. (8)
Consider in (8) the terms with coefficients as 2
√
2, using Eqs. (4), (5) all the terms with coefficients 2
√
2 cancel each other
out. Eq. (8) becomes
2θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )+ 2θ(x, τ )θ(y, τ ) = θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

+ θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

. (9)
Similarly by changing the variables x, y to u, v we have,
2θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ 2θ(u, τ )θ(v, τ ) = θ
u
2
,
τ
4

θ
v
2
,
τ
4

+ θ

u+ 1
2
,
τ
4

θ

v + 1
2
,
τ
4

. (10)
Multiplying (9), (10) gives
4θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ 4θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ(u, τ )θ(v, τ )
+ 4θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )θ(x, τ )θ(y, τ )+ 4θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
= θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

θ
u
2
,
τ
4

θ
v
2
,
τ
4

+ θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

θ
u
2
,
τ
4

θ
v
2
,
τ
4

+ θ
 x
2
,
τ
4

θ
 y
2
,
τ
4

θ

u+ 1
2
,
τ
4

θ

v + 1
2
,
τ
4

+ θ

x+ 1
2
,
τ
4

θ

y+ 1
2
,
τ
4

θ

u+ 1
2
,
τ
4

θ

v + 1
2
,
τ
4

. (11)
This proves extended Riemann identity. 
Corollary 3.2 (Riemann Identity).
θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )+ θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )
× θ0, 12 (u, τ )θ0, 12 (v, τ )θ0, 12 (x, τ )θ0, 12 (y, τ )+ θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
= 2

m,n,p,q∈ 12 Z
exp

π i

m2 + n2 + p2 + q2 τ + 2π i (mx+ ny+ pu+ qv) (12)
m, n, p, q are either integers or m, n, p, q are ∈ 12 + Z and

m = m+ n+ p+ q ∈ 2Z.
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Proof. We have from (11)
θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ(u, τ )θ(v, τ )
× θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )θ(x, τ )θ(y, τ )+ θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
=

m+n,p+q≡0 (mod 2)
exp

π i

m2
 τ
4
+ 2π i

mx
2

. (13)
In (13) replacing x, y, z, u by x+ 12 , y+ 12 , u+ 12 , v + 12 we get,
θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )+ θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )
× θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )θ0, 12
(x, τ )θ0, 12 (y, τ )+ θ0, 12 (x, τ )θ0, 12 (y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )
=

m+n,p+q≡0 (mod 2)
exp

π i

m2
 τ
4
+ 2π i

m

x+ 12

2

. (14)
By adding (13), (14) we get
θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ(u, τ )θ(v, τ )
+ θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )θ(x, τ )θ(y, τ )+ θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
+ θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )+ θ0, 12 (x, τ )θ0, 12 (y, τ )θ 12 , 12 (u, τ )θ 12 , 12 (v, τ )
+ θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )+ θ0, 12 (x, τ )θ0, 12 (y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )
=

m+n,p+q≡0 (mod 2)
exp

π i

m2
 τ
4
+ 2π i

mx
2

+

m+n,p+q≡0 (mod 2)
exp

π i

m2
 τ
4
+ 2π i

m

x+ 12

2

. (15)
It is clear that (15) form, n, p, q are either integers orm, n, p, q are ∈ 12 + Z and

m = m+ n+ p+ q ∈ 2Z becomes
θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )+ θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ(u, τ )θ(v, τ )
+ θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )θ(x, τ )θ(y, τ )+ θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
+ θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )+ θ0, 12 (x, τ )θ0, 12 (y, τ )θ 12 , 12 (u, τ )θ 12 , 12 (v, τ )
+ θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )+ θ0, 12 (x, τ )θ0, 12 (y, τ )θ0, 12 (u, τ )θ0, 12 (v, τ )
= 2

m,n,p,q∈ 12 Z
exp

π i

m2

τ + 2π i

mx

. (16)
Label the summands on the left hand side of (16) serially as
k=8
k=1
Ak.
Since

m,n,p,q m ∈ 2Z , we have A2 + A7 = 0 and A3 + A6 = 0. Hence the Riemann identity follows from (15) and (16).
(see [4]). 
For simplicity if we do a change of the variable as follows
n1 = 12 (n+m+ p+ q), x1 =
1
2
(x+ y+ u+ v)
m1 = 12 (n+m− p− q), y1 =
1
2
(x+ y− u− v)
p1 = 12 (n−m+ p− q), u1 =
1
2
(x− y+ u− v)
q1 = 12 (n−m− p+ q), v1 =
1
2
(x− y− u+ v).
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Then the particular restrictions on parameters n,m, p, q of the summation above exactly means that the resulting
n1,m1, p1, q1 are integers. Also observe that we have the identities :

n2 = n21 and xn = x1n1. (12) becomes
θ 1
2 ,
1
2
(x, τ )θ 1
2 ,
1
2
(y, τ )θ 1
2 ,
1
2
(u, τ )θ 1
2 ,
1
2
(v, τ )+ θ 1
2 ,0
(x, τ )θ 1
2 ,0
(y, τ )θ 1
2 ,0
(u, τ )θ 1
2 ,0
(v, τ )
× θ0, 12 (u, τ )θ0, 12 (v, τ )θ0, 12 (x, τ )θ0, 12 (y, τ )+ θ(x, τ )θ(y, τ )θ(u, τ )θ(v, τ )
= 2θ(x1, τ )θ(y1, τ )θ(u1, τ )θ(v1, τ ).
The beautiful account of identities derived fromRiemann identity are given in [4]. This includes all the fourth order identities
of theta functions. The method presented above indicates that all these identities can be derived from the formula for
eigenvectors of DFT.
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